





and their associated regular Dirichlet form (€7, H(dx,adz)). According to [Fuk80]
th 3.1.3 and th 4.3.2(i), since ¢ € H(dz,adz), there exists an L*(dxz) version ( still
denoted by ¢ ) of @, and a properly exceptional set ; C IR?, such that

Vo & My t — o(X;) right continuous W7 a.s.

Since N, is dz-negligeable and IR? — A} is invariant by the diffusion (W?),., we may
assume that this version of ¢ vanishes on Ny, i.e. A7 C {¢ = 0}. From now on, we
will use this version of ¢.

Lemma 4.4.1 The set {¢ = 0} is finely closed ( for the fine topology defined by
(W) ).

Proof: Let {¢ = 0}" be the set of regular points of {¢ = 0}, i.e.
re{p=0} & Wg(T{@:o} = 0) =1  where T{wzo} =inf{t >0/ @(Xt) =0}

We only have to prove that {¢ = 0}" C {¢ = 0}. But for all z in {y = 0}" and
not in N7 :

W7 (Tio=0y =0 and t — p(X;) right continuous ) =1
which implies that
Wi(p(Xo)=0)=1, ie ¢(z)=0

and this means that {¢ =0}  C {p =0} UN; ={o=0}. I

4.4.2 The family (Q7), g«

Let us introduce as in the section 4.3.2 the processes (Z7"7); and (Z{%); defined by

AT AT
77 = exp ( [ B Jax, - 00 as] - 2 UW\ (X.) ds)
0 2 2 e} g@
t . 1 rt| oV
777 = e, exp ( [ Bk fax, - Sty as] -5 UW‘ (X.) ds)
o 0 ¥

for t € [0,T] and by 777 = Z]¥ and 7Y = Z]¥ for t > T. Both Z7¢ and Z7% are
W? supermartingales, and of course
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Moreover, Z7%¢ is W7 a.s. continuous, while Z7¢ is only W7 a.s. right-continuous,
but is a strongly multiplicative functional.
Now let us introduce the sets

N ={remR! | E" (Z7%) <1}
Ny ={z e R" | W (Up(r = 7)) > 0}
N' =N UN,

They are borelian sets because * — W/ is measurable.

Lemma 4.4.2 The set N7 is p*dx negligible and finely closed ( for the fine topology
relative to (W7), ).

Proof: We know that WJ(Ux{7 = 71}) = 0 ( see the correction of [CL94] ).

Consequently, (¢*dx)(N}) = 0 and Z7¢ = Z7¢ W7 a.s. As said in section
4.3.2, Z7¥ is a W7 martingale, thus E"¢(Z7%) = E"¢(Z7%) = 1 and this
implies that (p?dx)(N]) = 0.
We just proved the first assertion of the lemma, let us now proceed with the
proof of the second one. Ty will denote here the hitting time of the Borelian set
A: Ty =inf{t >0/ X, € A}, and for each x € R?, (K,(z,A)), will be an
increasing sequence of compact subsets of A such that Tk, (. 4) \, T4 ( such a
sequence exists thanks to th 1.10.12 of [BG68] ).

Pick an € IR? which is regular for N”. Either z is regular for N7, or it is regular
for NV3.

First suppose it is regular for N7 : W7(Tyr = 0) = 1. If in addition = ¢ N7,
then WZ(7 > 0) =1 and it is possible to find an n € IN such that

W;(TK”(LN{) <TA T) >0
, € K, (z,N]) C NV}, thus

Since X is a continuous process, X ,
I\'n(:t,./\/l

a

Wz, i R —
FE e (ZTM) <1 W] a.s.

Consequently, applying the strong Markov property of (W7), and the strong
multiplicativity of Zo% :

we (aw
F (ZT HTI(W(IYNI/)<T/\T>

wa o0
= K" (Z I
T+ T (o) Tz nty<TAT

because 7" = 47 for t > T

wo 7,0 W;Tr NI 7,0
= B | 27 2 e (ZT7) ]ITKn(z,N{)<TAT

Kn(z,N])

wg (o
< b (ZTKn(r,./\/l’) ][chn(z,Nl')<T/\T)



thus = € N because
o (7

w7 (13 w7 7,
< FB (ZT I, ($7N1)<TAT) + B (ZT ][TI\,'”(ZVN{)ZT/\T)

I\"n(m,j\/ll) Kn
Wg (7o,
< E (ZT/\T)
< 1

It remains to consider the case where z is regular for Ny : W7 (T = 0) = 1.
Take such an z and suppose it is not in Nj. Then W7(7 > 0) = 1 and there
exists an n € IN such that W;(Tf(n(x,Né) <7AT)>0. Since Xg_

Kon(oND) belongs
to N :

W7 (Ul = 72})

> W;,j ({TB"(T,A@’) < TN T} N {Uk{T = Tk}}>

W o _
> F (]ITKH(LNé)<T/\T WXTI(n(r,Né) (Up{T = Tk}))
> 0

which is in contradiction with = & AJ. We thus have proved that every regular
point for A7 is in A/, which exactly means that A" is finely closed.

Now define Q7 by

dQ7 = 73 dW?e  ita g NUN'
ng:(S{x} ifze NUN’

where 6, is the Dirac mass on the constant path X; = 2 Vt € [0,T]. (Q7),cpe is a
family of Probability measures on C([0,77],IR?) and it is clear that

@z ) do = Q2

Proposition 4.4.3 Let ' =0 Ainf{t >0 /| X, e N'}.
Forallz ¢ NUN',  QI(0 < +o0)=0.

Proof: We first show that

Ve g NUN' Q(inf{t >0 / X, e N'} <+0)=0



Fixaz @ NUN', let Ty =inf{t > 0 / X, € N'} and let Ty, Ty; denote the
corresponding stopping times for N, V. Since x ¢ NJ, the supermartingales
Z7¢ and Z%% are equal W7 a.s., and since Zy¥ =0 for t > 7 :

QI(r < Ty < +00) < EYY (Trcrycpon Z275) =0
thus we only have to prove that
Q;(TN{ < T) =0 and QZ(T/\G < T) =0

First suppose that Q7 (Ty; < 7) >0 :
Then

Q7 (Uk(t = 7))

> EWs (Z;:fTN, Ty (r=ry) ]ITN2,<T) since Z;¥ = Z3¢ for t > T
2

wg
X

> N (Z%’w Huk(fzrk)) HTN2,<T)

> p (Z;W E
N
and we showed in the proof of prop 4.4.2 that A is finely closed, which implies
that X7, € N7 W7 as. Thus, since Z7¥ = Z7% > 0 on Up(1 = 1)
2

W
X,

E ™ (Z;’@ ﬂuk(fzm) >0 W7 as.
The fact that
EWZ (Z%;\Z ]ITN5<T) > Qg(TNé <7)>0

then implies that
Q7 (Ue(T =74)) > 0

Using again the equivalence between Q)7 and W7 on Ui (7 = 71), we obtain that
x €N

Now suppose that Q7 (T <7) >0
There exist an n such that Q7 (T, < 7) > 0 ( using again the K, := K, (z,N)
defined in the proof of prop 4.4.2 ).

o (77)
< B (g, o, 75% B *tin (75%) + 1, o, 7257
< Tr,<m “Ty, n\ 27" )+ lag > L7

Now recall that X7, € N, thus
EYE(Z77) < BYY (g, <r 257 + My 5r 277) <1

thus = € V.

It remains to prove that

Ve g NUN' Q%0 < +0) =0



First remark that
Vo g NUN' Qir = 400) = W] (I=yoe Z77) = W] (Z77) = 1
because I, <t W = 0 by definition of Z7¢. So we only have to prove that
Ve g NUN' QI(T A0 < +o0) =0
Suppose we can find an x ¢ A" U N such that
QUTANO < +o0)>a>0
By definition of N :
Vne IN* Wi(r, <71)=1

and for n large enough

W (0<m <7)=1

thus
QI0<T, <TAO<40)>a>0

Moreover, since t — ¢(X;) is W7 a.s. right-continuous and since p(z) # 0, we
have

Wwe(o, > 0)

n—-+oo

thus for n large enough
QIO0O< T A0, <TANO<+o0)>a>0
and there exists a t, > 0 such that
vt <t, Q;(t<rn/\9n<r/\9<+oo)>g>0

But
QI(t <7, Nb, <TNO < +00)

= [ Mecrunsucrncro() ZT5(0) AW ()

= /]It<7n/\9n<7/\9 Al /]Ir/\0<+oo m( ) dW;{t(w)(W/) dW; (w)
— [ Miconsucons Z77 H(X0) AW

where h(z / Lopoesos 207, AW?
— / ocring, 27705, h(Xe) dW?

— / 77%  h(X;) dW?



Now recall that we assumed that W2 o X;' << dz for all ¢ € [0,+00[ and

all z, € IR®. Thus (Z:;f\gndwgo) o X;' << dx, and letting p}(z,-) denote its
density, we obtain :

Qt<T ANb, <TANO<+00) §/dh(y) pr(x,y) dy
R

But h(z) = Q(T N0 < +o00) on (N UN')°, thus ¢*dz a.s., and since Q7(T A0 <
+o0) = /h(x) ©*(x) dv = 0, h vanishes dx a.e. on {¢ # 0} and the last

inequality reduces to
QIt <1, N0, <TANO<+00) < /N h(y) pi(x,y) dy

Thus
(8% o - 0,0
Vi<t 5 < B (Lxer Z77,)

which implies

W7 (inf{t >0/ X, e N} =0) >0
This is a contradiction with the fact that A is finely closed.
|

Corollary 4.4.4 The family (QF),cpe is strongly Markovian.

Proof: This is immediate using prop 4.4.3 and the strong multiplicativity of Z%.
|

4.4.3 Study of a bounded invariant measure

Let 1 be a bounded invariant measure for (Q7),cpe. We split p into p = pq + 0
where

pry = plyonne  and g, = pliyon

Proposition 4.4.5 The measure py is absolutely continuous with respect to Lebesgue’s
measure.

Proof: For each Borelian set A :

Ay=[ BV (Ixea Z57) d
e (A) o (Ix,ea Z77) dp(z)

thus the absolute continuity assumption on W2 o X; ' implies that :

de(A)=0 = VeeR! WX, €A)=0 = pu (A)=0



In the sequel, ¢ will denote the square root of the density of y, that is duy(z) =
Y?dx. Since py is bounded, v belongs to L*(dz). So without loss of generality we
may assume that [?dr = 1 ( dividing by a constant if necessary ).

The bounded measure p, is obviously symmetric. We want to prove that, under
some assumptions, p4 also is symmetric. Let us first present these assumptions.

Framework :

We assume here that :

/d
(H1) o= % is bounded, and Int € L*(uy)

(H2) ¢ is bounded and
(H3) ¢ € H(dx,adx)

Our main result in this section is

Wdz’ 2

€ L*(py)  ( finite energy hypothesis )

Theorem 4.4.6 Every bounded invariant measure satisfying assumptions (H1), (H2)
and (H3) is symmetric.

Let us now prove this theorem.
Proof :
The Probability measure () is defined by /Q; dpy(x). Since py is supported

by (N UN)°, we have
AQ;, = Z§° AW where W] = [ W dps(a)
and according to th 5.3 of [CL94], the following proposition holds :

Proposition 4.4.7 The function H(-,W7) has a unique minimizing element on the

set A, of V*dx stationary Probability measures. This minimizing element is equal
—=dx

to Q7, if and only if A belongs to {oVf; felCx}
¥
L2(Yp*dz) of the set {oV f; feCx} ).

L2 (2 dw

) ( the closure in

dx
v o) L2 2dl’
So we now want to prove that oy ¥ ce{oVf; fecCx} v )-

Therefore, we use again the functions ©,, defined in the proof of prop 4.3.3. Since v
belongs to H(dx,a dxz) and is bounded, H(y*dx, a ¢)*dz) is well defined and, according
to prop 4.2.12 :

o € H(*dz,avp*dz) and oV g = dego

Moreover, th 4.3.4 implies that  is the limit in H(¢*dz, a ¢»*dx) of a sequence of C2°
functions. Using th 4.2.16, we obtain for each n € IN* :

Ino®, o € H( dr,av’dr)

and oV (Ino®, 0yp) = 9.0¢ oV p
O,0¢



Since In 00, o ¢ is bounded, th 4.3.4 again implies that

FavAd (Inc®,0p)e{oVf; fe COO} )
But
—vdx 2 o —vdx 2
AN W¢(lno@no¢) = /( @ ) A & ? dx
o L o o
) O oy ) ) .
The difference |1 — @| converges dx a.e. to 0 and is uniformly bounded in
n 0¥

K

Ou(z) — n+1

——=dx

x O (x) - n+2

n ( because Ve € IRL ) thus hypothesis (H2) implies that

oV (In0O, o ¢) converges to ?in L*(Y*dx).
—=dz
Consequently, A 4 e{oVf; fe COO} (i) and
H(Q7,,W7) = inf{H(Q,WJ); Q€ Ay}

Since H(Q,W7,) = H(Q, W)+ [(Inv?)p? dxfor all @ € Ay, and since [(Inep?)p? dx <

+00, QF, also is the unique minimizing element of the function H(-, W) :

H(Q7,, Wi,) = mf{H(Q, W) ; Q€ Ay}

p?

Relative entropy is time reversal invariant and the measure W7, is symmetric, thus

H(QZ+ © TT 7Wd$) - H( [Ty de)

which implies @7, o ro = @7, because H(-,W7.) has only one minimizing element.

Consequently, sy is a symmetric measure for the family (Q7),cpa. |
Proposition 4.4.8 Under the assumptions of th 4.4.6, we also have
degﬁ B de¢

¥ W

Proof: Consider the generators

Vidx a.s.

Asf = V(aVf) | T‘Q.aw fecx

2
and —
ALf = v'(‘;w) + UZ¢.UVf fece

The operator A7, is symmetric in L*(¢p*dx) by construction, and A7 also is sym-
metric because it is associated with the symmetric Probability measure (),

Thus

Vaecr [lgoVi-foV) ( T Uﬁ) Y2



oV

We know that L2 (v*da)

€ {oVf; feCr}

and since 1 is assumed to be

o |
Ve oV FecEr v

since g oV f — foVg=0oV(fg) —2f cVg, we get

bounded, we also will have Consequently,

Wgo_ oV
0

Choosing f’s which are equal to the coordinates functions on the support of ¢
and using the density of C>° in L?(+)%dx), we obtain

Vf,g el /fan.( ) Wz

Vie{l,---,d} oe. ( AL UW) =0 e ae.
@ W
where {e1,---,eq} denotes the canonical basis of IR?. So the term in the paren-

theses belongs 1?dz a.s. to the orthogonal of the range of . It also belongs ?dx
a.s. to this range, as an element of {cV f; f € CgO}L (2 dx)

, thus it vanishes a.s.

4.4.4 A sufficient condition for (H3) to hold

In the "o = Id” case, (H3) has been proved to always hold, using Follmer’s time
reversal results. This time reversal techniques have recently been extended to the
case of a general diffusion matrix by Cattiaux and Petit ( cf [CP95] ). We will use
this generalization here to show that ¢» € H(dx,adx). However, this result essentially
says that 7a*o Vi € L*(p?dx)”, and we need more, since we need "oV € L?(2dz)”.
S50 we have to assume that o is non-degenerate out of a dax-negligeable set, which is
a very strong assumption ( thought weaker than the usual ellipticity assumption ) :

Proposition 4.4.9 If (H1) and (H2) are verified, and if o(x) is invertible for dx
almost all = in R?, then o € H(dx,adz).

Proof :
We will use the integration by parts formula proved by P. Cattiaux and F. Petit in
[CP95]. Therefore, we need to have :
(i) HQ7 ,Wi)<+o0

(i) Ve>0 VkeN* /T/| (V) 92 (e) do dh < oo

These assumptions are clearly verified here ( thanks to (H1), (H2) and the fact that
V.a is bounded ).

So according to [CP95], since Q7. is Markovian, we can find a Borel function B8
such that

Jom (/OTE(S,XS).G(XS)B(S,XS)) < 40
d(Qs, ory!) t_ V.a

tt

dWy,

5, = 03(X,) exp (/ Bl Xo).(dX, = ~S2(X0) di) %/Otﬁ(s,Xs).a(Xs)

B

(s, Xs) ds)



and for dt almost all ¢ €]0,7], for all f,u € C*, the function 3 verify :

—EY%+ ((Vu.aV f)(Xy)) o
— E9% (f(Xt) Vu(Xy). [ QG(Xt) +a(Xe)(By(Xe) + (1~ t’Xt))])

In our case, this relation reduces to :

Vio'o) .7V . . - :
5 +o p —I—Jaﬁ(l—t,-)]gb(x)dx

/le Vu.aV f p? dx = /le f Vu [

Choose a ¢ such that the preceding equality holds and let B=o0opB(1—1, ) (actually,
o3 does not depend on ¢ ). Thanks to the finite energy result verified by 3, we know
that B € L?(y»?dx). This equality becomes :

Vu, f € CF /}Rd(UVu).(an) 2 de = /]Rdf (oVu) [V.(a*) oV

+ +B] ? dx
¥

that is O (o —~

Yu, f € C /avu.[ '(; Ny ng“ﬂfﬁ] V() da

Applying this equality with (u, f) replaced by (v, fh) , (—h, fv) and (hv, f), and

summing up the results, we obtain :

Vf v heC™ /haVv [v(;f)ﬂf +fB} P* dx

then choosing v € C2° such that v(a) = x; on the support of h, for eachz € {1,---,d},
and using the density of C2° in L*(¢*dz), we get :

Ve

+f F] =0 Lide a.s.

Since we assumed o dx almost everywhere invertible, this implies

V(0" f)
2 +/ @

Ve

VfeClr +fB=0 <*dza.s.

and

Vfecs /v.(a* ¢dx__2/f¢(aw+ﬁ) dx

We already know that (;/JJ—W + 1/)§) belongs to L?(dx), thus this means that
¥

Y € H(dx,adx) and deg/) = ( A —|—F>
¥
|
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Résumé : Sur un domaine D de IRY, pour une fonction & valeurs matricielles
o et une densité de probabilité p fixées, on étudie les processus associés a différentes
extensions de la forme bilinéaire symétrique positive

§(1.9)= 5 [ (VI oVa) pde f.g€CERY ou G (D)

La fonction o est toujours supposée lisse (Cy). On s’intéresse particulierement au cas
ou o peut dégénérer.

On se place d’abord dans le cas ou D est borné et a bord peu lisse, p réguliere
(C}) et o quelconque (lisse, autorisée a dégénérer). On construit par intégration par
parties Uextension oV de lopérateur oV, et on définit Pespace de Sobolev généralisé

H(D,pde,apde) = {f € I3(D,pds) | 5 € L*(D, pd)}
La forme (€, H(D,pdx,apdx)) est une forme de Dirichlet, non réguliere a priori
sur D. Grace & une suite d’approximations par des formes régulieres, on prouve
que le processus réfléchi dans D associé est une semi-martingale. Sous I’hypothese
que (€, H(D,pdzx,apdz)) et la forme associée au mouvement brownien réfléchi sont
régulieres sur une méme compactification de D, on montre que la réflexion se fait
dans la direction conormale o*o7i, ou i est la direction de réflexion du brownien.

On travaille ensuite dans le cadre : D = RY, 0 = Id et ¢ = VP € H'. Dans
ce cas, I’extension maximale (€, H*(p?dz)) de (€,C2°) est connue. On présente deux
nouvelles démonstrations de 'unicité Markovienne pour cette forme. La premiere
est élémentaire et purement analytique. La seconde est probabiliste. Elle repose
sur I’étude du processus associé a l'extension minimale (&, H!(p?dx)), qui est un
mouvement brownien avec un drift singulier %. Comme application, on démontre
que toute mesure stationnaire d’énergie finie pour ce processus est réversible.

Enfin, dans le cas o D = IR? et ot o peut dégénérer, on construit les es-
paces H(dx,adz) et H(p?dz,ap?dr), respectivement analogues & H' et H'(¢*dx),
pour ¢ € H(dx,adx). Les résultats de la premiere partie assurent la régularité,
cruciale ici, de la forme (1 [ oV . 0Vg dx, H(dx,adx)). 1analogue de la démon-
stration probabiliste précédente montre alors la régularité de & sur la fermeture de
LN H(¢*dx, a p*dz) (mais non 'unicité Markovienne, faute de résultat de maxima-
lité comme celui du cas elliptique). Sous des hypotheses de bornitude sur les densités,
on en déduit a nouveau la réversibilité des mesures stationnaires d’énergie finie.
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